We propose an evolutional scenario of the universe which starts from quantum states with conformal invariance, passing through the inflationary era, and then makes transition to the conventional Einstein spacetime. The space-time dynamics is derived from the background free quantum gravity developed on the basis of a renormalizable conformal gravity in four dimensions. Based on the linear perturbation theory in the inflationary background, we simulate evolutions of gravitational scalar, vector and tensor perturbations, and evaluate the spectra at the transition point located at the beginning of the big bang. The obtained spectra cover the range of the primordial spectra for explaining the tiny anisotropy in the homogeneous CMB. PACS: 98.80.Cq, 98.80.Qc, 98.70.Vc 
Introduction
After passing many theoretical as well as experimental tests, the general theory of relativity has been established as the fundamental theory of gravity capable of describing the universe. However, we know that there exists a period in the history of our universe when quantum mechanics rules the law of universe, and it is beyond the power of the classical general relativity. Also, if we wish to apply the Einstein theory for Planck scale phenomena, it has fatal difficulties, such as the black-hole singularity and divergences in the canonical quantization procedure. A key idea to resolve such problems and enter to new frontier beyond the Planck scale is background-metric independence, because it implies that there is no fixed scale and no special point in space.
Background-metric independence also has a significant meaning for the evolution of universe. Tracing the history of the universe, the space-time in its early epoch would be totally fluctuating quantum mechanically so that geometry lose its classical meaning, and background-metric independent picture will emerge. On the other hand, in the present universe, the metric acquires a physical significance in measuring time and distance. This would imply that there is a transition from quantum space-time to classical space-time, and there should exist a dynamical scale separating these two phases.
There is a possibility to observe the instance of the transition, because we can trace the past guided by known physical laws as far as the classical general relativity holds. Valuable information on physical processes taking place in the expanding universe has been recorded in the CMB as tiny anisotropies. Angular power spectra of the anisotropies, recently observed by the Cosmic Background Explorer (COBE) [1] and the Wilkinson Microwave Anisotropy Probe (WMAP) [2, 3] , are, roughly speaking, projection of the history of universe for the period between its birth to the present. It gives us an amazing hope that if we believe the idea of inflationary universe [4, 5] meaning an extremely rapid expansion without global thermalization, the long-distance correlation in observed anisotropies can provide information about dynamics of the period before the universe grew to the Planck scale. We are now at the stage of revealing and verifying the quantum aspect of universe.
The model of space-time transition proposed in this paper emerges from the renormalizable quantum theory of gravity developed on the basis of the conformal gravity in four dimensions. In this theory, at very high energies beyond the Planck scale, quantum fluctuations of the conformal mode in the metric field are dominated, and it is treated non-perturbatively. Thus, space-time is described by a conformal field theory on the basis of the background-metric independence. The conformal symmetry loses its validity at the dynamical scale indicated by the asymptotic freedom of the unique dimensionless coupling constant introduced for the traceless tensor mode. At about this point the universe is expected to make a transition from the quantum space-time to the classical Einstein space-time.
There are three mass scales in the model, namely the Planck mass M P , the dynamical scale Λ QG , and the cosmological constant Λ COS . We set their ordering as
COS .
(1.1)
We shall obtain an evolutional scenario according to the order starting inflation driven by quantum effects of gravity without adding any artificial field by hands [6] . The inflationary model induced by quantum effects of gravity was first proposed by Starobinsky [5] . We here develope along the idea and propose an evolutional scenario of the universe summarized as follows: the conformal symmetry begins to be broken about the Planck scale to form an inflationary universe with the expansion time constant of order of the Planck mass, and completely broken at the dynamical scale turning to the classical Einstein universe. Then, energies stored in extra degrees of freedom in higher-derivative gravitational fields shift to matter degrees of freedom, causing the big bang. The primordial power spectra obtained from the two-point correlation functions of gravitational fields show a significant character of the transition which is expected to be observed cosmologically. The aim of this paper is to clarify why we can observe the Planck scale phenomena today from the tiny CMB anisotropies. Evolution of the universe is described by the equations of motion taking effects of running coupling as a timedependent function. We find an inflationary solution that starts from the Planck scale and end at the dynamical scale where the transition of space-time picture occures. Since the inflationary homogeneous solution is stable, the fluctuations from this solution will be diminishing during the inflationary era, and thus the linear perturbation about the inflationary solution becomes applicable. We evaluate gravitational fluctuations perturbed about the homogeneous solution: the scalar perturbation so-called Bardeen potential, the vector perturbation and the tensor perturbation. We obtain the spectra at the transition point, which should be used for the primordial spectra to analize the data observed by WMAP. The rest of the paper organized as follows: we summarize the model of quantum gravity in section 2 and construct an evolutional scienario of the universe in section 3. In section 4 we study the linear perturbation theory in the inflationary background. We then simulate evolutions of perturbations and obtain primordial spectra in section 5. We conclude in section 6.
Background Free Quantum Gravity
Since it has been recognized that any attempt to quantize Einstein gravity perturbatively [7, 8] cannot be succeeded [9] , most of researchers in this field feel the necessity of quantizing gravity in either a non-perturbative way or others. Historically, the renormalization problem is tackled introducing fourderivative terms to the Einstein-Hilbert action [10, 11, 12] , so that the gravitational coupling constant becomes dimensionless, and at the same time we can avoid the unbounded problem. Afterwards the higher-derivative gravity has been one of preferred quantum theory of gravity for those who wish to realize the background-metric independence [13, 14, 15, 16, 17, 18, 19, 20, 21] . Among various models, we employ the conformal gravity without R 2 term [18, 19, 20, 21] .
The Model The background free quantum gravity is defned by the action,
where we write the reduced Planck mass and the cosmological constant as M P = 1/ √ 8πG and Λ COS , respectively. There are two conformal invariant four derivative actions in four dimensions: the square of the Weyl tensor C 2 µνλσ and the Euler term G 4 . The Weyl tensor is the field strength for the traceless tensor mode, and t is the dimensionless coupling constant. The constant b is introduced to renormalize divergences proportional to the Euler term, which is not an independent constant because it does not have a kinetic term.
The third term is the Einstein-Hilbert action, which will dominate at energies below the Planck scale. F µν is a gauge field strength, and X is a scalar field. Last two terms have conformal coupling required by the integrability w.r.t. the conformal variation discussed below. In addition to these fields, we may consider fermions, which are conformally invariant in any dimensions, without mass terms.
The beta function of the renormalized coupling constant t r indicates asymptotic freedom. This implies that at high energies beyond the Planck scale, the coupling constant gets small, and accordingly configurations with the vanishing Weyl tensor will dominate. Then, the singular configulation such as a black hole at which the Riemann-Christoffel curvature tensor is divergent is excluded quantum mechanically. This is a prominent feature of the renormalizable quantum gravity based on the conformal gravity, in contrast to the theory based on the Einstein-Hilbert action because such a configuration has the vanishing scalar curvature so that its quantum weight in the path integral is unity.
The partition function is defined by the functional integral over the metric field g µν . We here decompose the metric field into the conformal mode φ, the traceless mode h λ ν and the background metricĝ µλ as
2)
with tr(h) = h λ λ = 0. Since we will consider a case with large running coupling constant, we include the coupling t in the traceless mode h λ ν instead of th λ ν . The signature of the metric is taken as (−1, 1, 1, 1). The contraction of the indices of h µν is done by using the background metricĝ µν . In the following, quantities with the hat and the bar on them are defined in terms of the metriĉ g µν andḡ µν , and the contraction of them is done by using the metricĝ µν and g µν , respectively. Unless it is not specified, the flat backgroundĝ µν = η µν is used, which defines the comoving frame with the coordinate x µ = (η, x i ) and
Techniques to treat diffeomorphism invariance are developed in the two dimensional theory at the end of 1980's [22, 23, 24, 25] , and extended later in four dimensions [13, 14, 15, 16, 17, 18, 19, 20, 21] . We change the path-integral measures from the diffeomorphism invariant measures to the practical measures defined on the background metricĝ µν . In order to recover the diffeomorphism invariance the Wess-Zumino term S [26] in the action is necessary as the Jacobian, and the partition function is expressed as
The induced action S contains the kinetic term for the conformal field. At the lowest order in the coupling, it is given by the Riegert action [13] 6) where N X , N W and N A are the numbers of scalar fields, Weyl fermions and gauge fields added to the action, respectively. The dots indicate new vertices like φ n+1∆ 4 φ, φ nC2 µνλσ , and φ n T r(F 2 µν ) induced at higher order of the coupling [18, 31] .
Since the conformal variation of the metricḡ µν is equivalent to the variation of the conformal field, the trace of derived stress tensor must be equal to the equation of motion of the confromal field. The second and third terms in the Riegert action (2.5) ensure such a diffeomorphism invariance condition within the linear approximation discussed in Section 4.
Besides the Riegert action induces dynamics of the conformal field, it also takes care of the conformal anomalies [27, 28, 29] . Although the conformal anomaly breaks the conformal symmetry by a fixed background, it will be recovered once the conformal field is quantized. Therefore, the space-time dynamics at very high energies is described completely by the conformal field theory (CFT 4 ).
We note that the R 2 term, which is commonly introduced as the kinetic term of the conformal field, is excluded in the action (2.1) because of the following reasons [18] . Firstly, the coupling constant attached to this action does not show asymptotic freedom even at the one-loop level of the renormalization group equation. Secondly, in order that the functional integral over the conformal field is well defined, the effective action Γ should satisfy the integrability condition [30] . This condition requires that there should be no divergences proportional to R 2 . It also implies that the kinetic terms of matter fields have to be conformally invariant in order to be renormalizable, while the Einstein-Hilbert action, the cosmological constant, and mass terms of matter fields do not have any restriction from the condition.
Running coupling constant The beta function of the renormalized coupling t r for the traceless mode has been calculated to be β = −β 0 t 3 r with β 0 = {(N X + 3N W + 12N A )/240 + 197/60}/(4π) 2 within the lowest order of perturbation [12] . It indicates the dynamics of the traceless tensor mode asymptotically free. The effective action in the momentum space is expanded in t r as
for the Weyl tensor term, where k is a comoving momentum defined on the flat background. The running coupling constant is approximately written as
where p is a physical momentum defined by p = k/e φ . The coupling constant is a measure of the degree of deviation from CFT 4 . The scale parameter Λ QG = µ exp{−1/2β 0 t 2 r } with µ being a renormalization mass scale represents the energy scale where the metric field changes its appearance from the conformal mode and the traceless mode to the conventional Einstein gravity.
As discussed later, in the inflationary era the conformal field, φ, grows large and the physical momentum diminishes exponentially. Accordingly, the running coupling constant t r (p) gets large during the inflation. As energies become lower to the dynamical scale Λ QG , the running coupling constant diverge and the Weyl terms in the effective action will disappear. There, the conformal invariance breaks down and the background metric appears as a physical measure of space and time. Beyond the energy smaller than this point the Einstein gravity dominates the dynamics.
Evolutional Scenario of The Universe
Background free quantum gravity suggests that there are four stages in the evolution of the universe divided by three mass scales. The first is quantum phase with conformal invariance, which gradually turns to the second stage, i.e. the inflationary era caused by quantum dynamics of gravity. The third stage is the Einstein universe mostly ruled by the classical theory of general relativity. The last is the present deSitter evolution where the universe expanded sufficiently and the cosmological constant becomes effective. The aim of this section is to construct an evolutional model connecting the quantum gravity phase and the Einstein space-time.
Inflationary phase In the very early epoch when the space extends much smaller than the Planck scale, typical energy is higher than M P . Corrections of order t 2 r in the asymptotic free regime can be neglected and the dynamics is governed by the CFT 4 with the full conformal invariance. Then, there exists no classical space-time and the universe is filled with quantum fluctuations of the conformal field.
As the universe expands typical energy gets lowered to M P , the Einstein action gradually becomes effective, so that the conformal symmetry starts to be broken to develop the classical solution. However, the dynamics is still described by CFT 4 .
4 The effective action valid for such an energy regime is given by the sum of the Riegert action (2.5), the Einstein action and the matter action. The homogeneous equations of motion has a stable inflationary solution [6] . At the Λ QG scale, this symmetry is completely broken and the universe make a transition to the classical space-time. In this section, we consider a dynamical effect arising from the effective action under the inflationary background.
The equations of motion simplified in the local form are obtaind in the way that the coefficient of the Riegert action of order t 2 r corrections is written as [21] 
where a 1 is a positive constant, and B 0 is assumed to be
Here, κ is a parameter for taking into account of the higher order perturbative effects, which lies in the range: 0 < κ ≤ 1. The equation of motion for the conformal mode is then obtained as
This equation comes from the trace part of the stress tensor. Here, there is no contribution from the Weyl and the matter terms, which are trivially traceless. The energy conservation equation from the time-time component of the stress tensor is given by
Since the matter sector is conformal invariant, we here assume the stress tensor to be a form of the so-called perfect fluid with density ρ, although its contents may be different from that of ordinary matters. The contribution from the Weyl action also vanishes in the energy conservation equation.
It is known that these equations have a stable inflationary solution for the region where the coupling constant t r is small. As mentioned in section 2, however, the coupling constant can not stay small in the inflationary spacetime. We must take into account the gradual increase of the coupling constant along with the expansion. The inclusion of the dynamical effects is not simple, and the equations of motion become rather complicated containing non-linear as well as non-local terms. Bravely, we simplify it under the following physical consideration: the running coupling constant t r (p) is an operator which acts on the field φ, and it may fluctuate very much even on a smooth background. When the scale of local fluctuation of the order 1/M P is small compared to the size of the system, 1/Λ QG , we approximate the running coupling operator by its average under the spirit of the mean-field approximation. We rewrite the running coupling operator by time-dependent average replacing the physical momentum by 1/τ in equation (2.8):
where τ is proper time defined by dτ = a(η)dη with a = e φ . It shows that the running coupling diverges at the dynamical time scale, τ = τ Λ with τ Λ = 1/Λ QG .
Replacing the constant t 2 r in the dynamical coefficient (3.2) by the timedependent running coupling constant (3.5), and introducing the variable H = a(τ )/a(τ ), where the dot denotes the derivative with respect to the proper time τ , the trace equations of motion (3.3) is written as
and the conservation equation (3.4) is
For the region where the running coupling is small, these equations have a stable solution in which the scale factor exponentially grows up with the
HDτ , where
As the coupling constant gradually increases, the value of the function B 0 reduces, and the value of H and its time derivatives increase. At the transition point τ Λ for 0 < κ ≤ 1, the the third derivative of H diverges. In the case of κ = 1, the second derivative of H also diverges. The combination B 0Ḧ , however, vanishes in any case at the transition point so that the energy density is kept finite. The energy conservation equation implies that the density ρ starts almost vanishing in the inflationary era, and at the transition point it sharply increases to the finite value ρ(τ Λ ) = 3M
5 This behavior becomes more clear when we consider the time derivative of matter density,
InitiallyḂ 0 ≃ 0, and the matter density is not increasing, while it increases sharply about the transition point where B 0 changes drastically. Solving equations of the motion numerically, we obtain the solutions for H and ρ shown in figure 3 .1, and a and ρ in figure 3.2. The simulation is peformed starting at the Planck time defined by τ P = 1/H D and ending at τ Λ = 1/Λ QG . We choose three values b 1 = 7, 10, 15 for the coefficient of the Riegert action determined from the conformal field, where the values correspond to the Standard model and various GUT models. 6 The other parameters are rather indistinct because they depend on the non-perturbative dynamics of the traceless mode, and they are likely to be determined phenomenologically. Here, they are chosen as β 0 = 0.6, a 1 = 0.1 and κ = 0.5. The ratio of the mass scales is set as H D /Λ QG = 60 and by this choice the number of e-foldings from the Planck time to the dynamical time becomes
This e-foldings gives the desirable number large enough to explain the evolutional scenario of the universe from the Planck time to the present and the primordial spectrum discussed in section 5. This simulation suggests that the quantum fluctuation of the conformal field covering over the whole quantum universe makes a transition to matter fluctuations at τ Λ , and the expansion slows down from the inflating conformal space-time to the Einstein space-time as discussed below. The entropy is then generated to develop the thermal universe, which is regarded as the big bang in our scenario. The primordial fluctuation we extract from the CMB observation is expected to be the reflection of quantum fluctuation of the gravitational field developed right before the transition.
Einstein phase Below the energy scale Λ QG , the Einstein action becomes dominated, and the space-time makes transition to the Friedmann universe. Here, in analogy to the chiral perturbation theory as the low energy effective theory of QCD [32] , we derive the low energy effective theory of gravity valid below the energy scale Λ QG , and connect the solution in the inflationary phase with that in the Einstein phase smoothly at the transition point. 5 This value is consistent with the radiation density for the Hawking temperature of deSitter space-time propotional to H D , although the meaning of the temperature in quantum spacetime seems obscure. In the case of QCD, dynamics of gauge fields disappears below the dynamical QCD scale, and meson and baryon become dynamical fields. In quantum gravity, although dynamics of conformal gravity disappear below Λ QG , the metric tensor still remains as the dynamical variable in the Einstein gravity. As a consequence, the low energy effective action is given by an expansion in derivatives of the metric field as 11) where the lowest derivative cosmological term is not included because it is negligible at the energy scale we are discussing. The two derivative term is the Einstein action log(a/a Λ ) and log(ρ/ρ where L M 2 is the conformally invariant matter lagrangian. In practice we employ terms up to the fourth order. Following the prescription of the low energy effective theory, L 2 is used for calculating both tree and one loop diagrams, while L 4 is used for the tree diagrams. The Planck mass is then regarded as the counterpart of the pion decay constant in chiral perturbation theory. The higher derivative terms are expanded by the inverse of the Planck constant, which can be justified owing to the ordering M P ≫ Λ QG . The possible terms for L 4 are given by
where T M µν is the stress tensor for conformally invariant matters. Since we restrict our effective action up to the fourth order, the Einstein equations of motion M 2 P R µν = T M µν is used to reduce the terms in L 4 . The equation of motion also implies R = 0. Taking into account these equations and Euler relation to remove the square of the Riemann-Christoffel curvature tensor, the independent terms in L 4 is simply given by
Here, the constant α is a positive value which is phenomenologically determined. The constant α acquires loop corrections coming from L 2 . The renormalization procedure is done by background field method [7, 8] about the background satisfying the Einstein equations of motion with the cutoff Λ (< Λ QG ). The constant α receives a finite renormalization dependent on the cutoff scale. The differences between two cutoff scales, Λ and Λ QG , will be given by
Here, ζ is a gauge invariant constant, because the Ricci tensor is divergencefree by equation of motion:
For the contributions from diagrams with internal matter loops, ζ = (N X + 3N W + 12N A )/120. Equation (3.15) shows that the coupling α becomes small and the four-derivative term becomes irrelevant at low energies. It is worth commenting that this theory is valid at the low energy below Λ QG , and therefore a ghost pole located at the order of M P does not emerge. Therefore, the higher derivative action in the low energy effective action does not conflict with unitarity.
We firstly solve the equation of motion for the homogeneous component in the low energy effective theory. It is given by the trace of the stress tensor, or the variation of the conformal mode,
...
for H as a function of the proper time. The energy conservation equation is obtained as
When we restrict terms in the effective action up to the fourth order in derivatives, it would be valid at the energy scale sufficiently below Λ QG . In order to fill the gap between Λ QG and the low energy scale Λ, we naively interpolate the equation up to Λ QG by assuming the coupling to be time-dependent:
where α 0 = α(Λ QG ). This form is given by replacing the cutoff with the inverse of the proper time in (3.15) . By the running coupling we expect to take into account the space expansion effect as we have done for the coupling t r (p) → t r (1/τ ) in the last section. By this coupling, it is expected to vanish at low energy, and it is written in an non-negative form.
Equations for both sides of the transition time τ Λ are the same order, and we can smoothly connect the Einstein space-time with the inflationary spacetime. The initial values of H,Ḣ and ρ are chosen to connect with those in the inflationary phase. The initial value ofḦ in order to solve equation (3.16) is given by solving the energy conservation equation (3.17) . We can show that the Friedmann universe,Ḣ + 2H 2 = 0 and 3M
. For a few steps in the period after the transition, the space-time expands acceleratingly and the matter density decreases sharply during that period. It soon reduces to the Friedmann universe.
Linear Perturbation Theory
Since the inflation is a stable solution, it is expected that the amplitude of fluctuation of scalar curvature, δR, damps during the inflation, but does not vansish. The amplitude is estimated as follows: since scalar curvature has two derivatives, the size of the fluctuation at the Planck scale is estimated to be δR ∼ H The asymptotic freedom implies that the fluctuations of vector and tensor modes are relatively small compared to the scalar mode. In addition, the fluctuation we will discuss expands rapidly enough during the inflation to the size far from the horizon scale, and thus it is not affected by the dynamics near the transition point. The linear perturbation can be used for such a size of the vector and the tensor as well.
Perturbations The conformal mode and matter density are perturbed about the homogeneous solution as
where φ(η) and ρ(η) are solutions of the equations of motion (3.3) and (3.4). In below, except in the appendix A, φ denotes the homogeneous solution.
The stress tensor for the matter sector is traceless, which is taken to be
= e 4φ (ρ + δρ + 4ρϕ), Hence, we consider the linear perturbations of field variables, ϕ(η, x), h µν (η, x), δρ(η, x), and v i (η, x).
Gauge invariance Under the general coordinate transformations, δ ξ g µν = g µλ ∇ ν ξ λ + g νλ ∇ µ ξ λ , field variables are transformed within a linear approximation as
where ξ µ = η µν ξ ν . The traceless tensor mode is further decomposed as 
For the matter sector, the perturbed variables are transformed as
The gauge invariant gravitational potentials so-called Bardeen potentials are defined by
where
If we take the gauge h ′ = h ′′ = 0, the Bardeen potentials are expressed as Φ = ϕ + h/6 and Ψ = ϕ − h/2 such that the metric has the following form:
for the scalar perturbations. The gauge invariant vector and tensor perturbations are defined by
For the matter sector, gauge invariant perturbations are defined by
Here, the vector variables satisfy the relation Υ i + V i − Ω i = 0. The gauge invariance restricts the form of the stress tensor with the dynamical factor for the conformal-field sector. In order to obtain the gauge invariant equations of motion, it is necessary to rewrite the function B 0 by the field-dependent function B which transforms as a scalar under the coordinate transformation:
Using the σ field, which is transformed as δ ξ σ = −ξ 0 , the scalar function B is written as
The stress tensors for the Riegert action are given in the appendix A. Replacing the coefficient b 1 in the expressions by the dynamical factor b 1 B, we obtain the equations of motion for the conformal-field sector.
Linear scalar equations Let us write down the linear equations of motion for the gauge invariant scalar perturbations, in which the anisotropic stress tensor, Π ij , does not contribute. We find four independent dynamical equations of motion for four independent scalar perturbations, Φ, Ψ, D, and V . We first consider the following two equations:
These equations are independent of the matter sector, and we can obtain the Bardeen potentials by solving these equations. In terms of the gauge invariant variables, the trace equation (4.14) can be written as
Here, the field ∂ 
Equation (4.17) is of a second order with respect to the time derivative. This equation plays an important role in connecting between the inflation and the Einstein phases. In the limit t r → 0, where the conformal field dominates, Φ = Ψ is realized due to the vanishing of the Weyl sector, while at the transition point where the coupling diverges, the configulation with Φ = −Ψ should be realized.
The matter density fluctuation D is determined by the equation for (00)-component of stress tensor, and the velocity perturbation V are determined by the equation for (0i)-component. We here consider the following two combinations:
and equation (4.19) is 
and equation (4.23) is
The second equation is composed of variables with at most the second order of the time derivative, while the first equation is of the third order. Thus, the value of Ω i (τ Λ ) is determined from the value of Υ i (τ Λ ) as discussed before.
Linear tensor equations The linear equation for the gauge invariant tensor perturbation is derived from the space-space component of the stress tensor, T ij = 0, as
Primordial Power Spectra
The observed CMB anisotropies are understood as a reflection of the Bardeen potentials on the last scattering surface [37, 35, 36] . Before the universe was neutralized, we can trace the history up to big bang using the Einstein theory. The dynamics we described in the previous section enable us to trace back further to the Planck scale where the inflation ignites.
The low multipole components of the observed CMB anisotropies correspond to the fluctuation of the size of the order of the Hubble distance 1/H 0 , where H 0 is the present Hubble constant. If the universe expands more than about the order of 10 60 from the begining during the inflation and the Einstein periods, the fluctuation of the order of the Hubble distance originates from a fluctuation less than the order of the Planck length. The idea of inflation suggests that this order of the expansion is able to solve the flatness and horizon problems. Thus, we hope to observe the Planck scale physics from the CMB anisotropies.
We solve the coupled system of equations, (4.16), (4.17), (4.24), and (4.26), numerically to obtain the values of the Bardeen potentials, the vector and the tensor perturbations. We start the simulation at the Planck time τ P (= 1/H D ), where the linear perturbation theory becomes applicable. At this time, the running coupling constant is still small enough so that fluctuations of the conformal field are dominated by the Bardeen potentials satisfying the relation Φ = Ψ, and the vector and the tensor perturbations are relatively small.
The scalar power spectrum is given by the two-point quantum correlation of Bardeen potentials computed by CFT 4 . We write the Fourier transform of a field f in a comoving momentum space as and its two-point function as
The initial profile of the scalar spectrum is assumed to be [38, 6] 
Here and in the following we write k = |k|, and A is a dimensionless constant. m = a(τ P )H D is the comoving Planck scale at the Planck time. The spectral index n s is given in CFT 4 by the anomalous dimensions of the scalar curvature,
where b 1 is given by (2.6). For the large value of b 1 , the index approaches to that of the Harrison-Zel'dovich [39] . The initial profiles of the vector and the tensor spectra are given by
where A V and A T are small dimensionless constants. The indices are given by Since the running coupling diverges at τ Λ , equation (4.17) implies that the Bardeen potentials at the transition point satisfy the relation
P(k)×10
We numerically solve the coupled equations (4.16) and (4.17) imposing the boundary condtions, (5.6) and (5.7). We choose the time-derivatives of Φ up to third order vanish initially and Ψ satisfies the boundary (5.7) at τ Λ . The initial values of the vector and the tensor perturbations are set as Υ i (τ P , k) = √ A V and h TT ij (τ P , k) = √ A T and the time-derivatives of these fields are also chosen to vanish at τ P .
The density and the velocity perturbations are computed using the equations (4.20) and (4.21), respectively. The values at the transition point are calculated using the Bardeen potential to be 8) where N e is the number of e-foldings defined by (3.10). Here, we multiply k on V in order to make the expression dimensionless. Also the vector perturbation Ω i is computed using equation (4.25), resulting
To derive these values, we use the value ρ(τ Λ ) = 3M 
The results are given in figures 5.3 and 5.4, where we plot the cases of b 1 (n s ) = 7(1.41), 10(1.25), 15(1.15) with m = 0.05 and 0.06. The simulation is carried out for the region k ≤ 0.15, using the Fortran software, BVP SOLVER [41] . It seems that the linear approximation is not applicable for the high momentum region k 2 /m 2 ≫ 1, because such a fluctuation corresponds initially too far beyond the Planck scale so that there appear coefficients with large values in the equations which violate the applicability of the linear approximation. The patterns of the spectra are sensitive to the values of m and b 1 , while the parameters determing the dynamical factor B 0 are insensitive to that, apart from the magnitude of amplitude. The patterns of spectra are also preserved in the Einstein era, although the amplitudes may slightly change in a few moment after the transition.
The initial spectra we employed here do not produce the effect to cut low momentum components out required to explain the observed suppression of low l-components in the angular power spectra. In order to explain it, we meight need to seek a reason in the ambiguity of the choice of initial spectra which should reflect original non-perturbative dynamics of the traceless mode for the long-distance two-point correlation functions.
Conclusion
Any proper theory of quantum gravity is expected to fulfill the three fundamental conditions: background-metric independence, finiteness and four spacetime dimensions. Background-metric independence can be realized as a conformal symmetry in the region beyond the Planck scale. Space-time sigularities are prohibited quantum mechanically, which was shown in terms of the asymptotically free property of the traceless tensor mode in the metric field. In this paper we have shown that the model based on the conformal gravity is capable of describing the dynamics of space-time without any additional fields in addition to the full metric field.
As a consequence of the asymptotically free dynamics, there appears a strong coupling phase where the structure of the space-time changes drastically. The phase transition takes place at the dynamical energy scale of gravity, where quantum space-time with conformal invariance makes transition to classical Einstein universe. We constructed an evolutional model of the universe: it starts from a quantum state at the Planck time and grows up exponentially. The inflation ends at the dynamical scale developing to the conventional Einstein space-time, and then the universe grows up to the present size, such that the size of the Planck length at the Planck time extends to the size of the order of 10 Mpc distance today. We have suggested that at the transition, field fluctuations freeze to localized objects, and they eventually decay into the classical matter driving the universe into the big bang phase.
It was shown that the linear perturbation is applicable on the inflationary background for the momentum range which covers the size of fluctuation ob- The condition M P ≫ Λ QG is significant to make the inflationary scenario. It also implies that quantum effects turn on the size much larger than the Planck length so that not only the space-time singularity but also the horizon of an elementary excitation with the Planck mass disappear. Furthermore, the strong repulsive effect in quantum gravity which causes the inflation also erase the singularity inside a black hole by balancing the pressure of the collapsing matter. However, if the collapsing goes too far and exceedes the balance, the black hole may explode something like as mini-inflation.
where the indices of stress tensor T µν are contracted by the flat background metric η µν . The ordinary stress tensor defined by the variation of the physical metric g µν is denoted by T µν . Furthermore, we write the stress tensor defined by the variation of the metricḡ µν asT µν . Indices of these stress tensors are contracted by g µν andḡ µν , respectively. The difference of T µν andT µν is just a conformal factor such that T µν = e −6φT µν and T where R, W and EH denote the stress tensor for the Riegert action, the Weyl action and the Einstein action, respectively. They are given below, while T M µν is given by (4.2).
Riegert action
This tensor is traceless: T Wλ λ = 0.
Einstein action
The trace of the stress tensor is given by 
